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Abstract
We investigate the generalized gauge theory which has been proposed previ-
ously and show that in two dimensions the instanton gauge fixing of the gener-
alized topological Yang-Mills action leads to a twisted N = 2 supersymmetric
action. We have found that the R-symmetry of N = 2 supersymmetry can be
identified with the flavour symmetry of Dirac-Ka¨hler fermion formulation. Thus
the procedure of twist allows topological ghost fields to be interpreted as the
Dirac-Ka¨hler matter fermions.
1 Introduction
In formulating unified theory it is the general consensus that the supersymmetry may
play a crucial. It is important to understand the origin of supersymmetry and the
fermion and boson correspondence. There is an interesting example of topological field
theory analysis by Witten[1] which suggests the possible origin of N = 2 supersymme-
try and the generation of fermionic fields from ghost via twisting procedure. Later it
has been pointed out that this theory can be derived from the “partially” BRST gauge-
fixed action of the topological Yang-Mills action with instanton gauge fixing [2, 3]. This
subject has been intensively investigated [4], particularly in connection with supersym-
metric field theories [5]. In this paper we claim that the topological twist generating
the matter fermions from ghosts is essentially related to the Dirac-Ka¨hler fermion for-
mulation.
In 1960’s Ka¨hler [6] has shown that Dirac equation is constructed from inhomo-
geneous differential forms which are called Dirac-Ka¨hler fields [7]. Moreover Dirac-
Ka¨hler fermion is a curved spacetime version of Kogut-Susskind fermion [8] or staggered
fermion [9] and thus a natural framework of the lattice fermion formulation [10].
About ten years ago one of the authors (N.K.) and Watabiki proposed a general-
ization of the ordinary three-dimensional Chern-Simons theory into arbitrary dimen-
sions by introducing all the degrees of differential forms as gauge fields and param-
eters together with quaternion structure [11]. Later the quantization of the even-
dimensional version of the generalized Chern-Simons actions has been completed by
Batalin-Vilkovisky formulation [12]. This formulation can be, however, generalized to
topological Yang-Mills and ordinary Yang-Mills actions.
Since the generalized gauge theory is formulated by differential forms it has close
connection with the Dirac-Ka¨hler fermion formulation. We believe that the general-
ized gauge theory may play a crucial role in formulating the unified model including
quantum gravity on the simplicial lattice manifold [13].
In this paper we investigate the generalized topological Yang-Mills theory from
the topological field theory point of view. An enlarged algebraic structure of BRST
transformations a´ la Baulieu-Singer [3] is naturally constructed in a unified way by
the generalized gauge theory. As the simplest example towards more realistic case, we
quantize the two-dimensional version of the generalized topological Yang-Mills action
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and show that the “partially” gauge-fixed action with instanton gauge fixing leads
to a twisted N = 2 supersymmetric abelian Higgs action [14, 15] without symmetry
breaking potential term. It is interesting to recognize that our instanton relations
coincide with dimensionally reduced Seiberg-Witten equations [16] from four into two
dimensions [17]. We point out that the fermionic ghost fields can be interpreted as
Dirac-Ka¨hler fermion fields and thus the twisting procedure is nothing but the Dirac-
Ka¨hler fermion formulation.
This paper is organized as follows. In section 2 we summarize the generalized gauge
theory in arbitrary dimensions. In section 3 we analyze the generalized two-dimensional
topological Yang-Mills theory as a topological field theory. In section 4 we explicitly
verify the twisted N = 2 supersymmetric algebra for the gauge-fixed action. In section
5 we explain the twisting mechanism via Dirac-Ka¨hler formulation. Conclusions and
discussions are given in the final section.
2 Generalized gauge theories in arbitrary dimen-
sions
In this section we summarize the formulation of the generalized gauge theory with an
emphasis on their algebraic structures.
The essential point of the generalization is to extend a one-form gauge field and
zero-form gauge parameter to a quaternion valued generalized gauge field and gauge
parameter which contain forms of all possible degrees.
In the most general form, a generalized gauge field A and a gauge parameter V are
defined by the following component form:
A = 1ψ + iψˆ + jA+ kAˆ, (2.1)
V = 1aˆ+ ia + jαˆ + kα, (2.2)
where (ψ, α), (ψˆ, αˆ), (A, a) and (Aˆ, aˆ) are direct sums of fermionic odd forms, fermionic
even forms, bosonic odd forms and bosonic even forms, respectively, and they take
values on a gauge algebra. The symbols 1, i, j and k satisfy the following quaternion
algebra:
12 = 1, i2 = −1, j2 = −1, k2 = −1,
ij = −ji = k, jk = −kj = i, ki = −ik = j.
(2.3)
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The following graded Lie algebra can be adopted as a gauge algebra:
[Ta, Tb] = f
c
abTc,
[Ta,Σβ ] = g
γ
aβΣγ , (2.4)
{Σα,Σβ} = hcαβTc,
where all the structure constants are subject to consistency conditions which follow
from the graded Jacobi identities. The components of the gauge field A and the gauge
parameter V are particularly assigned as elements of the gauge algebra
A = T aAa, ψˆ = T
aψˆa, ψ = Σ
αψα, Aˆ = Σ
αAˆα,
aˆ = T aaˆa, α = T
aαa, αˆ = Σ
ααˆα, a = Σ
αaα.
(2.5)
The component expansion of the same type as A and V are classified as elements of
Λ−-class and Λ+-class, respectively. These elements fulfill the Z2-grading structure
[λ+, λ+] ∈ Λ+, [λ+, λ−] ∈ Λ−, {λ+, λ+} ∈ Λ+, (2.6)
where λ+ ∈ Λ+ and λ− ∈ Λ−. In particular the exterior derivative belongs to Λ−-class
Q = jd, (2.7)
and the following relations similar to the ordinary exterior derivative operator hold
Q(λ1λ2) = (Qλ1)λ2 + (−)|λ1|λ1(Qλ2), Q2 = 0, (2.8)
where |λ1| = 0 for λ1 ∈ Λ+ and |λ1| = 1 for λ1 ∈ Λ−. To construct the generalized
actions, the two types of traces for the gauge algebra should be introduced,
Tr[T a, · · ·] = 0, Tr[Σα, · · ·] = 0, (2.9)
Str[T a, · · ·] = 0, Str{Σα, · · ·} = 0, (2.10)
where (· · ·) in the commutators and the anticommutator denote a product of the gen-
erators. These definitions of the traces are crucial so that the generalized actions are
invariant under the generalized gauge transformations.
We can then construct generalized actions in terms of these generalized quantities.
The generalized Chern-Simons actions which have been previously proposed [11] are
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given on even- and odd-dimensional manifolds M ,
Seven =
∫
M
Trk
(
AQA+ 2
3
A3
)
, (2.11)
Sodd =
∫
M
Strj
(
AQA+ 2
3
A3
)
, (2.12)
where Trk(· · ·) and Strj(· · ·) are defined so as to pick up only the coefficient of k and
j from (· · ·) and take the traces. We then need to pick up d-form terms corresponding
to d-dimensional manifolds M . These actions are invariant up to surface terms under
the following generalized gauge transformation:
δA = [Q +A,V], (2.13)
where V is the generalized gauge parameter. It should be noted that this symmetry
is much larger than the usual gauge symmetry since the gauge parameter V contains
many parameters of various forms.
There is another suggestive topological nature due to the parallel construction to
the standard gauge theory. In the generalized gauge theory it is possible to define
generalized Chern character which is expected to have topological nature
Str1(Fn) = Str1(QΩ2n−1), (2.14)
Tri(Fn) = Tri(QΩ2n−1), (2.15)
where F is a generalized curvature
F = QA+A2, (2.16)
and Ω2n−1 are the “generalized” Chern-Simons form. Eqs. (2.14) and (2.15) are bosonic
even form and bosonic odd form, respectively. Especially, for n = 2 case in (2.14), we
obtain a topological Yang-Mills type action related to a one dimension lower generalized
Chern-Simons action on an even-dimensional manifold M ,
∫
M
Str1F2 =
∫
M
Str1
(
Q
(
AQA+ 2
3
A3
))
, (2.17)
which has the same forms of the standard relation.
4
3 Generalized topological Yang-Mills theory in two
dimensions
In this section we analyze the two-dimensional version of the generalized topological
Yang-Mills action. Our formulation of this section is the two-dimensional realization
of the known four-dimensional scenario [1, 2, 3] and can be extended to arbitrary
dimensions.
As we have already mentioned that the action we consider satisfies the following
well known relation: ∫
M
Str1F20 =
∫
M
Str1
(
Q
(
A0QA0 + 2
3
A30
))
, (3.1)
where A0 and F0 are the two-dimensional counter part of the classical gauge field and
curvature. More explicitly they are given by
A0 = jω + k(φ+B), ∈ Λ−, (3.2)
F0 = QA0 +A20
= −1
(
dω + ω2 + {φ,B}+ φ2
)
+ i
(
dφ+ [ω, φ]
)
, ∈ Λ+, (3.3)
where φ, ω and B are graded Lie algebra valued zero-, one- and two-form gauge fields,
respectively. Due to the topological nature of the action, the action has so called shift
symmetry. In other wards the action is invariant under the arbitrary deformation of the
gauge field A0, which we denote E0. Thus the gauge transformation of the generalized
topological Yang-Mills action has the following form:
δA0 = [Q +A0,V0] + E0, (3.4)
where V0 is the generalized gauge parameter
V0 = 1(v + b) + iu, ∈ Λ+, (3.5)
while E0 is a new gauge parameter of the shift symmetry and is given by
E0 = jξ(1) + k(ξ(0) + ξ(2)), ∈ Λ−, (3.6)
where the suffix (n) with n = 0, 1, 2 denotes the form degree. Hereafter we use the
same notation to the form degree. The field strength is transformed under the gauge
transformation (3.4),
δF0 = [F0,V0] + {Q+A0, E0}. (3.7)
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The first term is transformed covariantly, and the second term is inhomogeneous gauge
transformation of F0 by the gauge parameter which belongs to Λ−-class.
The topological shift symmetry of E0, however, can absorb the usual gauge trans-
formation, so that this is a reducible system with the following obvious reducibility
conditions:
V0 = V1,
E0 = −[Q +A0,V1].
(3.8)
Correspondingly we need to introduce ghost fields with respect to the generalized gauge
symmetry and the topological shift symmetry, and ghost for ghost fields with respect
to the additional gauge symmetry of the gauge parameter (3.8).
Although we can construct the nilpotent BRST algebra of the above reducible
system by the procedure of cohomological perturbation [18], we can treat it in an
algebraically unified way by using the characteristic of the generalized gauge system.
We redefine the generalized gauge field by introducing the generalized ghost fields C(0),
C(1) and C(2)
A = 1C(1) + i(C(0) + C(2)) + jω + k(φ+B), ∈ Λ−. (3.9)
We need to introduce a generalized field which belongs another class ofA to accomodate
the topological ghost fields C˜(0), C˜(1) and C˜(2) and the ghost for ghost fields η(0), η(1)
and η(2)
C = 1(η(0) + η(2)) + iη(1) + j(C˜(0) + C˜(2)) + kC˜(1), ∈ Λ+. (3.10)
Here C belongs Λ+ and could be identified as a part of generalized curvature later.
Furthermore we extend the concept of the differential operator by introducing the
BRST operator s as a fermionic zero-form,∗
Q ≡ Q+QB = jd+ is, ∈ Λ−. (3.11)
It should be noted that s commutes with d, i.e. [d, s] = 0 and s2 = 0. This operator
satisfies the nilpotency property due to the quaternion structures,
Q2 = 0. (3.12)
∗ The fermionic operator s acts as a left derivative on fields in the same way as the operation of
the exterior derivative d.
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The following graded Leibnitz rule acting on generalized gauge fields can be derived:
Q(λ1λ2) = (Qλ1)λ2 + (−)|λ1|λ1(Qλ2), (3.13)
where |λ1| = 0 for λ1 ∈ Λ+ and |λ1| = 1 for λ1 ∈ Λ−.
We can now construct BRST transformation algebraically in a unified way. We
define the generalized curvature by using the redefined gauge field
F = QA+A2
= F0 + C, (3.14)
where the second relation is imposed to relate the BRST transformation with respect
to classical and generalized ghost fields. C = 0 corresponds to impose usual horizontal
conditions. While the transformations with respect to the topological ghost and ghost
for ghost fields are derived by the following Bianchi identity of the generalized field,
QF + [A,F ] = 0. (3.15)
The component wise expressions of BRST transformation can be read from (3.14) and
(3.15):
sφ = −[C(0), φ]− C˜(0),
sω = dC(0) + [ω,C(0)]− {C(1), φ}+ C˜(1),
sB = dC(1) + {ω,C(1)} − [C(0), B]− [C(2), φ]− C˜(2),
sC(0) = −C2(0) − η(0),
sC(1) = −{C0, C(1)}+ η(1),
sC(2) = C
2
(1) − {C(0), C(2)} − η(2),
sC˜(0) = −{C(0), C˜(0)} − [φ, η(0)],
sC˜(1) = dη(0) + [ω, η(0)] + [C(1), C˜(0)]− {C(0), C˜(1)}+ {φ, η(1)},
sC˜(2) = dη(1) + {ω, η(1)} − [C(1), C˜(1)]− {C(0), C˜(2)} − {C(2), C˜(0)}
−[φ, η(2)]− [B, η(0)],
sη(0) = −[C(0), η(0)],
sη(1) = [C(1), η(0)]− [C(0), η(1)],
sη(2) = −[C(1), η(1)]− [C(0), η(2)]− [C(2), η(0)].
(3.16)
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These algebraic and geometric constructions of BRST transformation were empha-
sized by Baulieu-Singer [3] for four-dimensional topological Yang-Mills model. We here
propose the natural extension of their approach in the framework of the generalized
gauge theory. Moreover we do not have to introduce the ghost number for fields and
the BRST operator which played an important role in the above authors’ formulations.
In deriving BRST transformations (3.16) we only compare the terms expanded in the
form-degrees and the coefficients of quaternions in (3.14) and (3.15). The conventional
ghost number for particular fields and BRST charge are automatically assigned by the
quaternionic classifications.
Next we can consider the physical observable. We can construct BRST invariant
polynomials because of the nilpotency property of the extended differential operator.
Bianchi identity leads to the following algebraic relation,
QFn = −[A,Fn]. (3.17)
Taking a trace of the gauge algebra and particular quaternion sector, we obtain the
following relations due to the vanishing nature of the r.h.s. of (3.17):
Strj(QFn) = Strj
(
(Q +QB)Fn
)
= 0,
Stri(QFn) = Stri
(
(Q +QB)Fn
)
= 0,
which lead to the following descendent equations:
sStrk(Fn) = −dStr1(Fn), (3.18)
sStr1(Fn) = −dStrk(Fn). (3.19)
We can then find series of gauge invariant physical observables:
Ofo =
∫
γ
StrkFn, (3.20)
Obe =
∫
γ
Str1Fn, (3.21)
where γ is a homology cycle on the submanifold in M and Ofo and Obe denote odd-
dimensional fermionic and even-dimensional bosonic observables, respectively.
Although we consider the above BRST algebra in two-dimensional case, we will see
that the algebra in arbitrary dimensions can be treated in the similar way.
We next introduce a particular model to carry out explicit analyses. To make the
formulation concrete and simpler we specify to the two-dimensional flat Euclidean case
8
and take the following two-dimensional antihermitian Euclidean Clifford algebra as the
graded algebra, which closes under the multiplication and is the simplest example:
T a : 1, γ5,
Σα : γa,
(3.22)
where γa = (iσ1, iσ2), which satisfy {γa, γb} = −2δab and γ5 = 12ǫabγaγb = −iσ3 with
ǫ12 = 1. A grading generator can be identified as γ5 and then we define the supertrace
Str(· · ·) = Tr(γ5 · · ·).
The two-dimensional topological Yang-Mills action lead
S0 =
1
2
∫
Str1F0 ∧ F0
=
∫
d2x
(
ǫµνFµν |φ|2 + ǫµνǫab(Dµφ)a(Dνφ)b
)
=
∫
d2xǫµν∂µ
(
2ων |φ|2 + ǫabφa∂νφb
)
, (3.23)
where Fµν = ∂µων − ∂νωµ and (Dµφ)a = ∂µφa − 2ǫabωµφb. In the action (3.23) the
scalar part of the one-form field ωµs and two-form field Baµν in the generalized field
(3.3) drop out because of the reducible structures of the gauge transformations. Then
the generalized gauge transformations are consistently truncated to the following SO(2)
invariance,
δgaugeφa = 2vǫa
bφb,
δgaugeωµ = ∂µv,
(3.24)
where v is a zero-form gauge parameter. As we have discussed we impose the topological
shift symmetry, then BRST transformations (3.16) lead to the following truncated
forms:
sφa = 2ǫa
bφbC − C˜a,
sωµ = ∂µC + C˜µ,
sC = −η,
sC˜a = 2ǫa
bCC˜b − 2ǫabφbη,
sC˜µ = ∂µη,
sη = 0,
(3.25)
where C, (C˜a, C˜µ), and η are the ghost fields associated with SO(2) gauge symme-
try and topological shift symmetries, and the ghost for ghost field with the reducible
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symmetry, respectively. These BRST transformations indeed satisfy the nilpotency
property.
We can now find out a two-dimensional instanton relation of our generalized gauge
system by imposing the self- (anti-self-) dual condition
∗ F0 = ±F0. (3.26)
Since a repeated application of ∗ on the generalized field strength must yield identity
map, we define the following duality relation for the gauge operators and quaternions
in addition to the usual Hodge dual operation on the differential forms:
∗ 1 = −γ5, ∗γa = −ǫabγb, ∗γ5 = −1, (3.27)
∗ 1 = 1, ∗i = −i. (3.28)
We can then find the following minimal condition of the action leading to instanton
relations:
±1
2
∫
Str1F0 ∧ F0 +
1
2
∫
Str1F0 ∧ ∗F0
=
∫
d2x
((1
2
ǫµνFµν ± |φ|2
)(1
2
ǫρσFρσ ± |φ|2
)
+
1
2
(
(Dµφ)a ± ǫµνǫab(Dνφ)b
)(
(Dµφ)a ± ǫµρǫac(Dρφ)c
))
. (3.29)
Then the instanton relations are obtained from the conditions for the absolute minima
of the generalized Yang-Mills action
1
2
ǫµνFµν − |φ|2 = 0, (3.30)
(Dµφ)
(−)
a ≡
1
2
(
(Dµφ)a − ǫµνǫab(Dνφ)b
)
= 0. (3.31)
These instanton relations are natural consequence of the formulation of the generalized
topological Yang-Mills action as we have seen above.
It has appeared to our attention by the recent paper [17] that the dimensionally
reduced Seiberg-Witten equation [16] from four into two dimensions coincide with the
eqs. (3.30) and (3.31). It should be noted that the Weyl spinor in Seiberg-Witten
equation corresponds to the Higgs scalar in our formulation. The explicit solutions
have been obtained as the Liouville vortex solution by Nergiz and Sac¸lıog˜lu [17] for the
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solution of the Seiberg-Witten equation. The solutions are
φ = φ1 + iφ2 =
√
2
dg/dz
1− g¯g ,
ω = ωµdx
µ =
i
2
(gdg¯ − g¯dg
1− g¯g
)
,
(3.32)
where g = g(z) is an arbitrary holomorphic function and g¯ is the complex conjugate
of g with z = x1 + ix2.
The topological nature of the solutions is explicitly verified by calculating a flux
Φ =
∫
Fd2x = 4πn, (3.33)
where F = 1
2
ǫµνF
µν = |φ|2. Here we have chosen the holomorphic function as g(z) = zn.
Due to the singular nature of the solutions (3.32), we need particular regularization to
obtain the explicit topological relation (3.33).
It is worth to mention at this stage that there is another kind of solution to the
modified instanton relation or equivalently Bogomol’nyi equation,
1
2
ǫµνFµν − |φ|2 + |v|2 = 0, (3.34)
while the second relation (3.31) is the same. These relations yield Nielsen-Olesen vor-
tex solution [19] which has again topological nature [14]. It is important to recognize
that our formulation leading to the instanton relations (3.30) and (3.31) by the gener-
alized topological Yang-Mills formulation will never lead the the kind of relation (3.34).
Instead it may lead to the relations where φ can get constant shift: φ→ φ+ v which is
different from (3.34). Therefore the instanton solutions obtained from the generalized
topological Yang-Mills formulation are not Nielsen-Olesen vortex type solution but the
dimensionally reduced one derived from four-dimensional Seiberg-Witten equations.
We now derive the gauge-fixed action with instanton relations (3.30) and (3.31) as
gauge fixing conditions together with the following Landau type gauge fixing conditions
to fix usual gauge symmetry and the reducible symmetry,
∂µω
µ = 0, ∂µC˜
µ = 0. (3.35)
Correspondingly we introduce a set of antighost fields λ, χµa, η and C, and associated
Lagrange multipliers, π˜, πµa, ρ and π. These fields obey the following closed BRST
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subalgebra,
sλ = π˜, sπ˜ = 0,
sχµa = πµa, sπµa = 0,
sη = ρ, sρ = 0,
sC = π, sπ = 0,
(3.36)
where the anti-self-dual field χµa obeys the condition ǫµ
νǫa
bχνb = −χµa and πµa also
obeys the same condition.
We then obtain the following “completely” gauge-fixed action by adding the BRST-
exact terms:
Sg-f = S0 + s
∫
d2x
{
+ λ
(1
2
ǫµνFµν − |φ|2 − βπ˜
)
− χµa
(
(Dµφ)a(−) − απµa
)
+η∂µC˜
µ + C∂µω
µ
}
, (3.37)
where α and β are arbitrary parameters. Using the equations of motions for auxiliary
fields πµa and π˜ and choosing the parameters α = −18 and β = 14 , we can eliminate
topological sectors and then we obtain the physical Yang-Mills action plus fermion
interaction terms.
4 Twisted N = 2 supersymmetric action
We first summarize the twisting procedure of N = 2 superalgebra. The algebra of N =
2 supersymmetry without central extension is constructed by the following relations:†
{Qα,i, Qβ,j} = δij(γµ)αβPµ,
[J, Pµ] = iǫµ
νPν ,
[J,Qα,i] =
i
2
(γ5)α
βQβ,i,
[R,Qα,i] =
i
2
(γ5)i
jQα,j ,
[Pµ, Qα,i] = [R, J ] = [R,Pµ] = 0.
(4.1)
Here Qα,i are the generators of supersymmetry, where the indices α(= 1, 2) and
i(= 1, 2) are Lorentz spinor and internal spinor indices labeling two different N = 2
† Our convention of hermite Euclidean γ-matrices is (γµ)α
β
= {σ1, σ3}, where σi are Pauli matrices,
and γ5 = γ
1γ2. Majorana fermion is a two-dimensional real representation of SO(2), and the Lorentz
spinor indices are lowered and raised by the charge conjugation matrix Cαβ = δαβ .
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generators, respectively. We can take these operators to be Majorana. Pµ, J and R are
generators of translation, SO(2) Lorentz rotation and internal SO(2)I rotation called
R-symmetry, representing spin and isospin rotation, respectively.
The above N = 2 superalgebra is transformed into the twisted N = 2 superalgebra
by the following procedure. The essential meaning of the topological twist is to identify
the isospinor indices as spinor indices. Then the isospinor indices should then transform
as spinor under the Lorentz transformation. This will then lead to the redefinition of
the energy momentum tensor and the Lorentz rotation generator.
We consider the energy momentum tensor Tµν and the conserved current Rµ asso-
ciated with R-symmetry. We then define a new energy momentum tensor T ′µν without
spoiling the conservation law by the following relation:
T ′µν = Tµν + ǫµρ∂
ρRν + ǫνρ∂
ρRµ. (4.2)
This modification of the energy momentum tensor leads to a redefinition of the Lorentz
rotation generator J ,
J ′ = J +R. (4.3)
This rotation group is interpreted as the diagonal subgroup of SO(2)× SO(2)I. Now
the supercharges have double spinor indices and thus can be decomposed into the
following scalar, pseudo scalar and vector components:
Qα
β =
1
2
( 1√
2
δα
βQB +
√
2(γµ)α
βQµ +
1√
2
(γ5)α
βQ˜
)
. (4.4)
Solving conversely, we obtain
QB =
√
2TrQ,
Q˜ = −√2Tr(γ5Q),
Qµ =
1√
2
Tr(γµQ).
(4.5)
The essence of the twisting procedure is reflected to the fact that the spin 1/2 charge
having the first spinor suffix turns into the spin 0 or spin 1 charge by adding the isospin
1/2 charge, which can be understood by the above relations (4.3) and (4.4).
The part of the algebra including Lorentz generator J in (4.1) can be rewritten in
terms of the new Lorentz generators J ′ in the following form:
[J ′, QB] = [J ′, Q˜] = 0,
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[J ′, Qµ] = iǫµνQν , (4.6)
[J ′, Pµ] = iǫµνPν ,
where the scalar and vector nature of the fermionic charges measured by the new
Lorentz generator J ′ after the twist is obvious from these relations.
The following algebra together with the algebra (4.6) construct the twisted version
of N = 2 superalgebra,
Q2B = Q˜
2 = 0, [R,QB] =
i
2
Q˜,
{QB, Q˜} = {Qµ, Qν} = 0, [R, Q˜] = − i
2
QB,
{QB, Qµ} = 2Pµ, [R,Qµ] = i
2
ǫµ
νQν ,
{Q˜, Qµ} = −2ǫµνPν , [R, J ′] = [R,Pµ] = 0.
(4.7)
Here we identify the scalar charge QB as BRST charge since it has a nilpotency
property. It should be noted that the momentum operator is BRST-exact, which
reflects the characteristic of topological field theory.
Here we explicitly show that the “partially” gauge-fixed action possesses twisted
N = 2 supersymmetry [1]. “Partially” we mean to fix the gauge of topological sym-
metry only and recover the SO(2) gauge symmetry. We first modify the gauge-fixed
action (3.37) by adding another BRST-exact term
−2is
∫
d2xηǫabφ
aC˜b,
and make all fields hermitian to assure the hermicity property of the action:
S =
∫
d2x
(
+
1
2
FµνF
µν + (Dµφ)a(D
µφ)a + |φ|4
+iρ∂µC˜
µ − iλǫµν∂µC˜ν
−iχµa(DµC˜)a + ∂µη∂µη
−2iρǫabφaC˜b − 2iλφaC˜a − 2iχµaǫabC˜µφb
− i
4
ǫµνχµaχν
aη + 2iηǫabC˜
aC˜b + 4ηη|φ|2
)
. (4.8)
It is easy to see that kinetic terms of φa, C˜µ, ρ, λ, χµa and C˜a are nondegenerate, while
that of ωµ is degenerate. Indeed this action is invariant under the following SO(2)
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gauge transformations with a gauge parameter v:
δgauge(φa, C˜a, χµa) = 2vǫa
b(φb, C˜b, χµb),
δgaugeωµ = ∂µv, (4.9)
δgauge(C˜µ, η, λ, ρ, η) = 0.
Corresponding to the Lagrangian given in (4.8), we can find explicit transformations
of fields by the supercharges:
θAs
Aϕ = [iθAQ
A, ϕ], (4.10)
where sA = {s, s˜, sµ} and QA = {QB, Q˜, Qµ}.
We first point out that the action (4.8) is invariant under the following BRST-like
fermionic transformations:
sφa = −C˜a, sχµa = 4i(Dµφ)(−)a ,
sωµ = C˜µ, sλ = −2i
(1
2
ǫµνFµν − |φ|2
)
,
sC˜a = −2iǫabφbη, sη = ρ,
sC˜µ = i∂µη, sρ = 0,
sη = 0.
(4.11)
These transformations are only on-shell nilpotent up to corresponding gauge transfor-
mations in (4.9)
s2 = iδgaugeη, (4.12)
where δgaugeη denotes a gauge transformation associated with a gauge parameter η.
Furthermore we find that the action possesses the following fermionic vector sym-
metry:
sµφa =
1
2
χµa, sµχνa = −4i(δµνǫab − ǫµνδab)ηφb,
sµων = −1
2
(ǫµνλ + δµνρ), sµλ = 2iǫµ
ν∂νη,
sµC˜a = −2i(Dµφ)(+)a , sµη = 0,
sµC˜ν = i(Fµν + ǫµν |φ|2), sµρ = 2i∂µη,
sµη = 2C˜µ.
(4.13)
15
These transformations satisfy the following anticommutation relations:
{s, sµ} = 2i∂µ − 2iδgaugeωµ ,
{sµ, sν} = −2iδµνδgaugeη,
(4.14)
where these algebras are also satisfied on shell.
Lastly we can introduce the fermionic pseudo scalar symmetry which are the partner
of the BRST-like symmetry:
s˜φa = ǫa
bsφb = −ǫabC˜b, s˜χµa = −ǫµνsχνa = −4iǫµν(Dνφ)(−)a ,
s˜ωµ = ǫµ
νsων = ǫµ
νC˜ν , s˜λ = 0,
s˜C˜a = −ǫabsC˜b = −2iφaη, s˜η = −λ,
s˜C˜µ = −ǫµνsC˜ν = −iǫµν∂νη, s˜ρ = −2i
(1
2
ǫµνFµν − |φ|2
)
,
s˜η = 0.
(4.15)
These transformations lead to the following anticommutation relations:
{s˜, sµ} = −2iǫµν∂ν + 2iδgaugeǫµνων ,
{s˜, s˜} = 2iδgaugeη,
{s˜, s} = 0.
(4.16)
It is apparent from (4.12), (4.14) and (4.16), that the operators s, sµ and s˜ obey the
twisted N = 2 supersymmetric algebra.
5 Topological twist and Dirac-Ka¨hler fermion
In this formulation we find out very interesting correspondence. We point out that two
multiplets for the ghost fields and the multiplier fields (ρ, C˜µ, λ) and (C˜a, χµa) can be
interpreted as Dirac-Ka¨hler multiplets, as we shall see below.
In two-dimensional flat Euclidean spacetime, we introduce the following Dirac-
Ka¨hler field [7, 10]
Ψ = ψ + ψµdx
µ +
1
2
ψµνdx
µ ∧ dxν
≡ ∑
α,(β)
ψα
(β)Zα(β), (5.1)
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where ψ, ψµ and ψµν are hermitian fermionic scalar, vector and antisymmetric tensor
field, respectively. The base Zα(β) is a 2 × 2 matrix and can be expanded into the
following inhomogeneous forms:
Z = 1 + γTµ dx
µ +
1
2
γTµ γ
T
ν dx
µ ∧ dxν . (5.2)
The coefficient ψα
(β) can be equivalently rewritten as
ψα
(β) =
1
2
(ψ + ψµγ
µ +
1
2
ǫµνψµνγ5)
(β)
α . (5.3)
It is interesting to note the remembrance of the expansion relations of the fermionic
charge in (4.4) and the coefficients of the Dirac-Ka¨hler field in (5.3). This could be
understood as the origin of the Dirac-Ka¨hler interpretation of ghost fields. We then
find that massless Dirac equations are expressed as the following set of equations by
the use of antisymmetric tensor fields:
(d+ δ)Ψ = (γµ∂µψ)α
(β)Zα(β) = 0, (5.4)
where δ is an adjoint operator δ = ∗d∗ and the index α is a spinor one while the index
(β) is regarded as a “flavour” one for two degenerate Dirac fermions. The Dirac-Ka¨hler
action which leads to the above equation of motion is defined by
S =
1
2
∫
iΨ∗ ∧ ∗(d+ δ)Ψ
=
∫
d2x
∑
(β)
i(ψ†)(β)
α
(γµ∂µψ)α
(β)
=
∫
d2xTr
(
iψ†γµ∂µψ
)
. (5.5)
We now turn to describe ghost fields in terms of Dirac-Ka¨hler fields. The kinetic
terms of these multiplets in the action (4.8) can be expressed as∫
d2x(iρ∂µC˜
µ − iλǫµν∂µC˜ν − iχµa∂µC˜a)
=
∫
d2xTr
(
iψ†γµ∂µψ + iχ†γµ∂µχ
)
, (5.6)
where Dirac-Ka¨hler fields ψ and χ are given by
ψ = 1
2
(ρ+ C˜µγ
µ − λγ5),
χ = 1
2
(−C˜a=1 + χµa=1γµ − C˜a=2γ5).
(5.7)
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Here we impose anti-self-dual conditions for χµa. It is easy to see that the action
possess SO(2) “flavour” symmetry.
The final expression of the twisted N = 2 supersymmetric action with Dirac-Ka¨hler
fermions is
S =
∫
d2x
(
+
1
2
FµνF
µν + (Dµφ)a(D
µφ)a + |φ|4
+
1
2
∂µA∂
µA− 1
2
∂µB∂
µB
+ Tr(iψ†γµ∂µψ) + Tr(iχ†γµDµχ)
− 4iφ1Tr(ψ†γ5χ) + 4iφ2Tr(ψ†γ5χγ5)
− i
√
2ATr(χ†γ5χ) + i
√
2BTr(χ†χγ5)
+ 2(A2 − B2)|φ|2
)
, (5.8)
where we denote η ≡ 2√
2
(A+B) and η ≡ 1
2
√
2
(A−B) and the covariant derivative with
respect to the flavour group on Dirac-Ka¨hler field χ is given by Dµχ ≡ ∂µχ+2ωµχγ5. It
is worth to mention that this action is equivalent to the extended supersymmetric abelin
Higgs system [14] and topological Bogomol’nyi theory [15] except for the symmetry
breaking potential.
As we have seen in the formulation, the fermionic fields appearing in the quanti-
zation procedure such as ghost fields turns into the Dirac-Ka¨hler matter fermion. It
would be important to confirm algebraically that the Dirac-Ka¨hler fermions tranform
as spinor fields and possess half-integral spin unlike the ghost fields.
Redefining the Lorentz generator, we will perform a change of the spin of the
operators. Indeed we will assign R-quantum number integral and half-integral for
boson fields and fermion fields, respectively. The twisted N = 2 theory defined by J ′ is
the topological field theory, whose superalgebra corresponds to (4.6) and (4.7), while
the theory defined by J is N = 2 supersymmetric field theory.
It is important to recognize that in the present model we can identify the R-
symmetry as the flavour symmetry of the Dirac-Ka¨hler fields
δRψ = ψ
(1
2
γ5
)
, δRχ = χ
(1
2
γ5
)
, (5.9)
which should be compatible with the algebra (4.7). The origin of this identification is
again due to the resemblance of the relations between (4.4) and (5.3). In other words
this identification is originated from the observation that the second flavour suffix of the
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Dirac-Ka¨hler field in eq. (5.3) has faithful correspondence with the second spinor suffix
of the fermionic charge in eq. (4.4), which originally corresponds to the isospinor suffix
of R-generator before the twist. Then Lorentz transformation on the Dirac-Ka¨hler field
ψ induced by J ′ is
δJ ′ψ =
1
2
(
− ǫµνC˜νγµ
)
= −1
2
[γ5, ψ]. (5.10)
On the other hand the Lorentz transformation induced by J = J ′ −R is
δJψ = δJ ′ψ − δRψ
= −1
2
γ5ψ, (5.11)
which precisely coincides with the Lorentz transformation of spinor field. This implies
that Dirac-Ka¨hler field is exactly transformed as spinors. We can obtain the same rela-
tion for χ. Consequently we have found that the twisting mechanism in two-dimensional
N = 2 theory has been understood from the Dirac-Ka¨hler fermion formulation and the
R-symmetry is nothing but the flavour symmetry of the Dirac-Ka¨hler fermion.
6 Conclusions and discussions
We have investigated the generalized gauge theory from the topological field theory
point of view. Firstly we have extended the algebraic structure of BRST transforma-
tion a´ la Baulieu-Singer and derived sets of BRST invariant physical operators. This
extension fits naturally in the framework of the generalized gauge theory. The classical
fields, ghost fields, ghost for ghost fields, the differential operator and BRST operator
are treated in a unified way by the quaternion algebra. In particular commutator and
anti-commutator difference in the algebra is automatically accomodated in the gener-
alized gauge theory formulation while this point is treated in an ad hoc way in the
previous treatments.
As a concrete example we have quantized the generalized topological Yang-Mills
action in two-dimensional flat Euclidean spacetime with the two-dimensional Clifford
algebra as the simplest graded Lie algebra. We have shown that the generalized topo-
logical Yang-Mills action is BRST equivalent to the standard Yang-Mills action plus
fermionic ghost and Lagrange multiplier terms by imposing the instanton relations
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as the gauge fixing conditions. It turns out that the instanton relations coincide with
the two-dimensional counterpart of the Seiberg-Witten relations dimensionally reduced
from four into two dimensions. The explicit topological solutions of the instanton re-
lations have been obtained [17]. The full twisted N = 2 supersymmetric algebra has
been examined for the gauge-fixed action and explicit transformations of fields for the
fermionic charge family included BRST charge has been obtained.
We found that the fermionic sector including ghost fields in the gauge-fixed action
can be identified with the Dirac-Ka¨hler fermions. The crucial observation is that the
R-symmetry of N = 2 supersymmetric action can be identified with the “flavour”
symmetry of the Dirac-Ka¨hler fermion action. Then the ghost fields together with the
fermionic multiplier fields turn into matter fermions via twisting mechanism. On the
other hand the twisting mechanism is equivalent to the Dirac-Ka¨hler fermion formu-
lation when we identify the R-symmetry and the “flavour” symmetry. In this sense
we have found that the twisting mechanism is essentially equivalent to the generation
of matter fermions from fermionic ghosts via Dirac-Ka¨hler fermion formulation. It is
interesting to see if this mechanism works even in higher dimensions.
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